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This supplemental document is intended to help readers of A Student’s
Guide to Laplace Transforms seeking a review of partial fractions and
their use in finding the inverse Laplace transform of an s-domain function
F(s). As mentioned in the text, one of the most common approaches for
determining the inverse Laplace transform is to find the function F(s)
in a table of Laplace transforms and then simply to look at the corre-
sponding time-domain function f(¢). But to prevent those tables from
containing hundreds of entries, only reasonably simple forms of F(s) are
typically shown, so it’s definitely worth your while to develop an under-
standing of methods to convert various forms of F'(s) into combinations
of the simple forms available in tables. One of those methods is the use
of partial fractions.

Partial fractions are useful when you’re dealing with Laplace trans-
forms because most s-domain functions F(s) are rational functions —
that is, F(s) can be expressed as the ratio of polynomials in s. So you
can write

F(s) = Num(s) ’
Denom(s)

and if the denominator polynomial Denom(s) contains a product of two
or more polynomials, or a polynomial raised to a power, or a quadratic
or higher-order polynomial that can’t be reduced to lower-order polyno-
mials with real roots, then partial fractions can help.

Happily, most s-domain functions F(s) are not only rational but also
proper functions, which means that the order of the denominator poly-
nomial (that is, the highest power of s in the denominator) is higher
than the order of the numerator polynomial. If that’s not that case, and
the order of Denom(s) is lower than the order of Num(s), then you
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can use polynomial long division (or synthetic division) to convert the
improper rational function into the combination of a polynomial and a
proper rational function.

For example, given the improper rational function

Fla) Num(x) 222 — 3z +1
xr) = =
Denom(z) x—2

polynomial long division can be used to convert F(z) to

2 + 1 - F(z) = 2z +1) + (25)-
:L'—Z) 222 -3z +1
— 222 + 4z
rz+1
—x+2
3

This is worth knowing, but as you're aware if you’ve worked through
the examples of Laplace transforms in Chapter 2 of the text, this step
is not necessary for most s-domain functions F(s) that are the Laplace
transforms of time-domain functions f(¢). That’s because the Laplace
transform F'(s) approaches zero as s approaches infinity, which happens
when the power of s in the denominator is larger than the power of s in
the numerator. Hence F(s) is a proper rational function in most cases
of interest.

One important aspect of using partial fractions to decompose F(s)
into a combination of simpler terms is the process of factoring the de-
nominator polynomial. To determine the factors in Denom(s), remember
that the factor theorem says that the expression s — p; is a factor of a
given polynomial if and only if p; is a zero of that polynomial — that is, if
plugging s = p; into the polynomial yields a value of zero. Another way
of expressing that concept is to say that p; must be a root of the poly-
nomial equation Denom(s) = 0. When dealing with Laplace transforms,
the zeros of the denominator polynomial are often called the poles of
F(s), since at these values F'(s) becomes infinitely tall, as described in
Section 1.5 of the text.

The discussion of partial fractions in the remainder of this document
is presented in three sections. The first section deals with the case in
which the denominator polynomial Denom(s) can be factored into the
product of two or more expressions of the form (s — p,) and the zeros
pn of Denom(s) are real and different from one another. The second
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section covers situations in which the Denom(s) polynomial cannot be
reduced to first-order terms such as s — p,, and the third section deals
with the case in which one or more of the zeros of the denominator
polynomial appear more than once, so Denom(s) may contain a term
such as (s —p1)™. Several on-line resources and texts with discussions of
partial fractions that you may find helpful are listed at the end of this
document.

Distinct Real Roots

If the denominator polynomial Denom(s) can be factored into the prod-
uct of linear (first-order) polynomials, F'(s) can be written as
N N
F(s) = um(s) _ um(s) (1.1)
Denom(s) (s —p1)(s —p2)(s —ps) -+ (s — pn)
and the roots of the polynomial equation are called “simple poles” since
each appears in a first-order polynomial. In this case, these roots are

“distinct” because each appears only once.

To expand F(s) into partial fractions, start by writing F(s) as a series
of fractions in which each fraction has a constant numerator and the
denominators are s — p1, s — pa, and so forth up to s — py:

Num(s) Cy Co Cs Cn
= + + +t .
(s =p1)(s—p2)(s—p3) (s —pN) §$—p1 $—PpP2 S—DP3 ( S;PN
1.2
The numerator constants Cy, Cs...C,, can be determined by multiply-

ing both sides of this equation by the left-side denominator:
[Denom(s)]Cy n [Denom(s)|Cs N [Denom(s)]|Cs P [Denom(s)|Cn

Num(s): s —p1 §—Pp2 s —Dp3 § — DN
_ [(s=p1)(s =p2)(s =p3)--- (s = pn)]Ch n [(s —=p1)(s —p2)(s —p3) (s —pn)]Co
s—p1 S — P2
L s =p)(s =p2)(s —ps) (s —pw)ICs (5 =p1)(s = p2)(s —ps) -~ (s — pw)ICn
s —DP3 $— PN
or
_ s=p7)(s —p2)(s =p3) -~ (s —=pn)]C1 | [(s —p1)(s=p32)(s —p3) - (s — pNn)]Co
Num(s) = s=—pT - s=p7
+ [(s —p1)(s — p2)(s—p3] - - (s — pn)]Cs N [(s —p1)(s —p2)(s —ps3) -~ 'MCN.

S=73 S=PN
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This equation holds for any value of s, so consider what happens if you
set s = py. In that case, the factor (s — p;) is zero. Note that this factor
appears in the numerator of every term on the right side of this equation
except the first term, in which s — p; has canceled out. That means

Num(s)|s=p, = [(s —p2)(s =p3) -+ (8 = pN)][s=p, C1 + 0+ 0+ - +0.
and solving for C gives
Num(s)|s=p,

@@= (s —p2)(s —p3) - (s — DN)|s=pr (1.3)

Since
Denom
[(s =p2)(s —ps) -+ (s —pn)| = ,
$—D1
in some texts you'll see Eq. 1.3 written as
s —p1)Num(s)]|s=
0y = IV oo () () (1)

Denom(s)|s=p,

Some students find this expression confusing, since performing the sub-
stitution s = p; makes the factor (s — p1) zero, but remember that this
factor also appears in the denominator of F(s). So as long as you multi-
ply (s — p1) by F(s) before substituting p; for s, the s — py factors will
cancel and you’ll get the correct value for Cy (the square brackets are
intended to remind you to perform the multiplication before making the
substitution).
The same analysis with s = py leads to

(s = p2)Num(s)]s—p, . .
O = Denom@)lny, T PIEOlempe (L)

and

Once you've seen the effect of multiplying through by the denominator
in the equations shown above, you should be able to understand the
reasoning behind a very quick and popular method of finding the values
for the constants in the partial-fraction expansion of F(s). That method
is called the Heaviside “cover up” method, and it’s illustrated in Figures
1.1 and 1.2.

As you can see in these figures, the trick in this technique is to cover
up some terms on both sides of Eq. 1.2. To find the constant C7, for
example, you cover up the s — p; term in the denominator of the left
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side of the equation and the denominator of the C; fraction on the right
side (since those terms cancel when you multiply through by the left-side
denominator), and you also cover up all the other partial fractions on
the right side (that is, those not involving C1), since those terms include
a factor of s — p; when you multiply through, and s — p; is zero when
you set s = p;. That leaves C by itself on the right side of the equation,
and F'(s) without the s — p; factor on the left side.

Numf(s) h n (@ N Yy - 'y
(s—p1)(s—p2)(s—p3)---(s—pN) s—p1 s—p2 s—p3 s — PN
Num(s) 1

(s —pa)(s—p3)--(s—pn)

Figure 1.1 Using a version of the Heaviside “cover-up” method to
ﬁnd 01.

Hence the partially covered-up equation in Figure 1.1 is a visual demon-
stration of Egs. 1.3 and 1.4. But it’s important to note that the equation
shown in Figure 1.1 with covered-up terms and factors is only true when
the value of s is set to the value of py.

The cover-up method applied to finding the constant C5 is shown in
Figure 1.2; in this case it’s the s — po term and all the partial fractions
not involving Cs that get covered up.

So the partially covered-up equation in Figure 1.2 is a visual demonstra-
tion of Eq. 1.5. As in the C; case, don’t forget that the equation shown
in Figure 1.2 is true only when the value of s is set to the value of the
relevant pole (py in this case).

In the following example, you can see partial-fraction expansion in
action for simplifying F'(s) when there are three distinct real poles with
values of 1, -2, and 4 and the numerator polynomial is 2s — 3. The




Num(s) G n Cly N Cy ey Cy

(s —p1)(s —p2)(s—p3)-- (s —pN) S§—p1 S§—pP2 S—p3 5 — PN

Numf(s) _ Cs :
(s —p1) J(s —p3)---(s—pN) MM%

Figure 1.2 The cover-up method used to find Cs.

equation for F'(s) is

25 -3
(s—=1D(s+2)(s—4)
and the partial-fraction expansion looks like this:

25 —3 C1 Co Cs
F(s) = = .
() (s=1D(s+2)(s—4) s—1+s+2+s—4

F(s) =

Inserting the values of the poles (p; = 1, po = —2, p3 = 4) into Eq.
1.4 for C gives

and the other constants are

s=1 (3)(_3) 9

s=—2 B (_3)(_6) B _E
and
Oy = [25—3] _24)-3_ 5
G-+, B)6) 18

Hence the partial-fraction expansion for F(s) in this case is

F(s) = (571)(2584:23)(574) B (:’) 511_(178) 5i2+<158) S(};).
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Each of these fractions has the form of F(s) = -~ as shown in Eq.
2.10 in Section 2.2 of the text. This is the Laplace transform of the
exponential time-domain function f(t) = %, and the linearity of the
Laplace transform (discussed in Section 3.1 of the text) means that the
constants multiplying each term in Eq. 1.7 also multiply the correspond-
ing exponentials in the time domain. So

s == (5)e - () e+ () )

Irreducible Polynomials in Denominator

As mentioned earlier in this document, in some cases the denominator of
F(s) may be a polynomial that doesn’t factor into real integers as in the
previous section. Such polynomials are sometimes called “irreducible”,
although the meaning of that term depends on the nature of the factors
under consideration.

For example, the polynomial s2 — 2 has no integer roots, so this poly-
nomial is irreducible over integers, but since s — 2 = (s + v/2)(s — /2,
this polynomial is reducible over real numbers. Likewise, the polyno-
mial s? + 3 has no real roots, so it’s irreducible over real numbers, but
s2+3 = (s+/3i)(s —/3i), so this polynomial is reducible over complex
numbers. In general, a polynomial of the form as? + bs + ¢ is irreducible
over real numbers if (and only if) b* — 4ac < 0.

In this section, you’ll see two approaches that can be used to sim-
plify a rational polynomial with one or more irreducible terms in the
denominator. The first uses the method of simultaneous equations and
undetermined coefficients and the second uses complex roots.

To understand how these approaches work, consider a rational func-
tion F(s) with one simple pole (p;) and an irreducible quadratic in the
denominator:

Num(s) Num(s)

F(s) = Denom(s) - (s —p1)(aqgs® + bas + cq) 9

in which the subscript “d” in agq, bg, and ¢4 is a reminder that these
coefficients apply to the polynomial in the denominator (as opposed to
the coefficients of the numerator polynomial, which will be provided
when you need it).



To expand F(s) using partial fractions, start by writing

_ Num(s) Num(s) O . As+ B
~ Denom(s) (s —pi)(ags® +bgs+cq) s—p1 ags®+bgs+cqg

F(s)

Notice that the numerator of each of the partial fractions on the right
side is a polynomial with order one less than the order of the denomina-
tor polynomial. So the numerator of a partial fraction with a first-order
polynomial (such as s —p;) in the denominator is a zeroth-order polyno-
mial (that is, a constant), while the numerator of a partial fraction with
a second-order polynomial (such as ags® +bgs + ¢4) in the denominator
is a first-order polynomial (As + B).

To determine the constants C1, A, and B, start by multiplying through
by the left-side denominator:

_ 2 . 2
Num(s) = (8= P(@as” +bas + ca)C1 (s = p1)(aas® + bas +ca) (As + B)
s—h aqs? + bgs +cq

or
Num(s) = (aas® + bas + ca)C1 + (s — p1)(As + B). (1.10)

If you know the numerator polynomial Num(s), you can use this
equation to find the constants C7, A, and B by equating like powers
of s, but it’s often helpful to first determine the constant C; by setting
s = pp (essentially the cover-up method described above).

In this case, setting s = p; gives

Num(s) = (aqs® + bas + cq)C1 +0 s=p
S0

o

ags? 4+ bgs + cq

S=p1

Thus if the numerator polynomial is Num = a,,52+b,5+cy,, the constant
Cl is

(1.11)

c - [an52 +b,5 + cn}

aqs? +bgs + cq

S=Pp1

To find the constants A and B, insert the Num(s) polynomial into Eq.
1.10:

an8% + bps + ¢, = (ags® + bgs + cq)C1 + (s — p1)(As + B)
= ags’Cy + bgsCi + ¢4Cy + sAs + sB — p1As —p1 B
= (aqCh + A)s*> + (baC1 + B — p1A)s + (caC1 — p1B)



and then equate like powers of s. That gives

ap =aqC1 + A
bn = bd01 +B —plA
cn =cgC1 — 1B

which means the constants are

A=a, —aqCq
C o bn - B +p1A
1= by (1.12)
B cqC1 — cn.
D1

So although all three constants C7, A, and B can be determined using
these equations, finding C as shown above and then using that value to
find A and B is often easier, as mentioned above.

You can see why that’s true in the following example, in which the
numerator polynomial is Num(s) = 3s? — 2s + 4 and the denominator
of F(s) contains the product of a linear term due to a simple real pole
p1 = 3 and the quadratic polynomial 4s2 + 6s + 3:

352 — 2544
(s —3)(4s? 4+ 65 +3)°

F(s) =

The partial-fraction expansion of F(s) can be written as

352 —2s+4 4 As+ B
F(s) = - 1.13
) = @2 6553 5-3 12106543 (1.13)

and the constants can be found as

352 —2s+4 25

' T4 46s5+3|,_, 57

and
25 71
A= n Ci=3-4)===
fin = @d1 W =&
and
potCi—cn (35— _ 51
P1 3 57
Inserting these values into Eq. 1.13 yields
352 — 25+ 4 2 Og- 121
F(s) = S L = BT, S0 & (1.14)

(s—3)(4s2+65+3) s—3 4s2+6s5+3
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The Laplace transform of the first term of F(s) is straightforward,
as illustrated in the previous section of this document, but the second
term needs a bit of work to become recognizable (that is, to allow you
to determine f(t) by looking for F'(s) in a table of Laplace transforms).

That work starts by factoring the quadratic in the denominator of the
second term, and a good first step is to pull out the coefficient of the
highest power of s:

75— % _ <1> 75— %

I 16543 \4)2+3s47

and then to complete the square:

(1) adl i _(1> il i _(1) 75— %

4) 2 +3s+3 \4) 5132 (3)+3 \4) (s+32+5
Although this expression isn’t in the exact form you’re likely to find in
a table of Laplace transforms, if you've looked at the examples of the
transform F'(s) of sinusoidal time-domain functions (Section 2.3) and the
effect of multiplication by an exponential in the time domain (Section
3.2), the form of this equation may look somewhat familiar.

To take this equation from “somewhat familiar” to completely recog-
nizable, it helps to make the %s term in the numerator into %(5 + %),
to match the %(s + %) term in the denominator. That necessitates sub-
tracting g—; (%), like this:

(1) G5 _(1>E%(s+i)—§%(i)—§$_(1>§%<s+i)—
4) (s+3)2+ 2 4 (s+3)2+ 3 )

and writing this as two separate fractions gives

B+l _ (1> Hls+3) (1> 7o
457 +6s+3  \4) (s+ 32+ 5 \4) (s+3)?2+15
Gathering the leading constants makes this
By _(my el 1
452 +6s+3  \228) (s+3)2+ 3 304) (s+3)2+ 3
which can be compared to the Laplace transform F(s) of time-domain
exponentially weighted cosine and sine functions:

s—a

L[e™ cos (wit)] = m
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and
. w1
Lle™ sin (wit)] = ———.
[ ( 1 )] (S — a) +W%
So in this case a = f% and w? = 1—36, S0 w1 = % for both terms. The

first term (with s + % in the numerator) is ready to be inverse-Laplace-
transformed into the time domain, but the second term needs an w; in
the numerator, so a bit of adjustment to the leading constant is needed.
Doing that makes the previous expression

[}

Us+ 3 _(71) s+ 32 _(139) v3
4s2+6s+3  \228) (s+3)2+ 2 \76v3) (s+3)2+ 3%

which is ready to be inserted into Eq. 1.14:

F(s) = 352 — 25 +4 _§§+<71> s+ _(139) -z
S (s—3)(4s2+6s+3)  s—3 \228) (s+2)2+ 2 \76/3/) (s+3)2+ 2

and the inverse Laplace transform gives the time-domain function f(¢):

25 5, Tl _a, V3 139 s, . (V3
= e+ oo —t|-—= —t
576 2286 47 cos 1 76\/§€ 47 8In 1

or writing the coefficients using decimals rather than factions:

3 3
F(£) = 0.43866% + 0.3114e * cos ([t) — 1.056¢ % sin ([t).

(1.15)

The fact that a quadratic polynomial may be irreducible over the real

numbers but reducible over complex numbers suggests an alternative

approach to solving this type of problem. That approach involves fac-

toring a denominator polynomial using complex roots, and to see how

that works, note that a quadratic polynomial as?+bs+c can be factored
as by writing a quadratic equation:

as’ +bs+c=a(s—7r)(s—1y) =0

in which r; and ry are the (possibly complex) roots of this equation,
also called the zeros of the function as? + bs + c. Note that when the
leading coefficient a (that is, the coefficient of the highest power of s)
is not one, it’s necessary to multiply this coefficient by the product of
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the two terms containing the roots of the quadratic equation (s —r; and
§—17a).
To find the roots of the quadratic equation, you can use the quadratic
formula
. —b=+ Vb2 — 4ac
2a ’

and if b2 — 4ac < 0, these roots will be complex — that is, they will
contain an imaginary part, since the square root of a negative number
is imaginary. Also, the second root will be the complex conjugate of the
first because the imaginary parts must have opposite signs due to the £+
sign in the quadratic formula.

Since these roots represent two of the poles of the function F(s), it
makes sense to call them p and p*, and since they may be complex, they
can be written as

p = Re(p) + i Im(p)
p" = Re(p) — i Im(p)
in which the asterisk indicates the complex conjugate.

If the function F'(s) has one simple real pole p; and an irreducible
polynomial (over the real numbers) in its denominator, Eq. 1.9 can be
factored as

Num(s) Num(s) Num(s)

F(s) = Denom(s) B (s —p1)(aas? + bas + cq) N (s = pr)aa(s —p2)(s = p3)

Expanding F'(s) using partial fractions now looks like this:

Num(s) O Co Cs

= + +
(s—pi)aa(s —p2)(s —p3) (s—p1) (s—p2) (s—pi)
and multiplying through by the denominator of the left side gives

Num(s) = aq(s—p2)(s—p3)C1+(s—p1)aa(s—p2)*Co+(s—p1)aa(s—p2)Cs.

Thus the coefficients C7, Cs, and C3 can be determined using the same
approach shown in the first section of this document for simple real roots:
solving simultaneous equations (and/or using the cover-up method).
Those methods give

[(s = pr) Num(s)]|s=p,
Denom(s)|s=p,

Cy = = [(s = p) F(s)]ls=p:

[(s = p2) Num(s)]|s=p,

C =
2 Denom(s)|s=p,

= (s = p2) F(s)]ls=ps-



13

[(s = p3) Num(s)]|s=p;
Denom(s)|s=p;

C3 =

= [(s = p2) F(5)]]s=p;-

To see how this works, you can apply this approach to the example
worked above. F'(s) in that case is given by
352 —2s+4
(s —3)(4s2 + 65+ 3)’

F(s) =

and using the quadratic formula to find the roots of the polynomial
45% + 65 + 3 gives

b+ VI —dac _ —6+/(07 —AWE) _ -6 V=12 _ 3 V3
% - 2(4) 8T 8 4T 4
sop2:_%+§iandp§:—%—§i-

With these roots, along with the real root p; = 3, the partial-fraction
expansion of F(s) is

352 — 25+ 4 C C. C
FO) = s 1 6s 73— 5 3" 2 * : '
R €
(1.16)
Solving for the constants C7, Cs, and C3 gives
352 — 25 +4 25
Cp="""" " =22 -0.4386
YT 42465 +3|,_, 57
and
352 —2s+4
Cy = S e = 0.1557 + 0.5280i
(s — 3)(4) [s - (% - @N = 343
and
352 — 2544
Cy = S Tast — 0.1557 — 0.5280i

(s — 3)(4) [s - (—g + %)] e 33

and inserting these values into Eq. 1.16 makes F(s)

Fls) = 352 — 25+ 4 - 0.4386+0.1557 + 0.5280i+0.1557 — 0.5280:
C (s—3)(4s2+6s+3) s—3 _ (7%+§i> s — (7% 7@1‘)'

Although the complex quantities in the second and third terms may
make this expression look quite different from the types of F(s) you've
seen before, note that the denominators are of the form s—a, albeit with
complex a. Note also that the numerators of these two terms are just
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constants, although these constants are complex. So the inverse Laplace
transform of F(s) is straightforward:

0.1557+0.5280i | | /., | 01557 — 0.5280i
() = ()

_3 @'L . _7_@1-
:O.438663t—|—(0.1557+0.5280i)e( i+ >t+(o_1557_o,52801)e( 1)

4 1 5280
F6) = £V F(s)] = £ {0 386} L oot | 01557 +0.5280i

s—3

This expression for f(¢) is correct, but it can be put into more-familiar
form by writing the complex leading constants in the second and third
terms in polar form — that is, using the magnitude |s| and phase ¢ of
the complex quantity s.

Imaginary
cosp = Rﬂ sinj = Emm} L R e i)
s s N4
'}\
Isle = |s|(cosd+i sind) \\“‘\%\ :
_ || ReLSL | i i Imls] \%\%X | Im[s]
Is] Is| & \
X Im[s]| |
. |sle* = Re[s]+ i I A 6 = tan” }
Is|e efs]+ iIm[s] ¢ = tan {Re[s] 1 el
axis

Figure 1.3 The polar form of complex number s.

You can see how that works in Fig. 1.3, which illustrates why the
expression s = Re[s] + Im][s]i is equivalent to |s|e’?. In this case, the
magnitude is given by

|0.155740.5280i] = \/(Re[s])2 + (Im][s])2 = \/(0.1557)2 + (0.5280)2 = 0.55048
and the phase is

o Imls) _y 0.5280

- = 73.57°.
Re[s] ™ 0.1557

#(0.1557 4+ 0.5280:) = tan



. o (343, ) o (_3_ 3,
f(t) = 0.4386€% + 0.55048¢" ™57 o(FER)t | ssouge-iaoT (-1 4)

— 0.4386¢% 1 0.55048¢— 3t (ei(73.570+§t) i 6—i(73457°+§t))

: 3
= 0.4386¢ + 0.55048¢~ 1*[2 cos (73.57° + %t)]

3
= 0.4386¢%" + 1.10096¢~ *[cos (73.57° + %t)].

Using the identity cos (x + y) = cos z cosy — sin x sin y makes this

() = 0.4386¢* + 1.10096¢~ 3 [cos (73.57°) cos (?t} ~ sin (73.57°) sin (?t)}

: 3 3
— 0.4386¢% + 1.10096¢ 11[0.28284 cos (%t) ~ 0.95916sin (%t)]

3 ; 3
= 0.4386¢% + 0.3114e~ 4" cos (%t) — 1.056e™ 3" sin (%t)

in agreement with the result of using the simultaneous-equation ap-
proach with real roots shown above (Eq. 1.15).

You may encounter a situation in which the denominator of F'(s)
contains two irreducible quadratic polynomials rather than one simple
pole and one quadratic polynomial. So instead of Eq. 1.9, F'(s) will look
like this:

Num(s) Num(s)

Fls) = _ 1.17
(5) Denom(s)  (aq18® + ba1s + cq1)(aq28? + baas + ca2) ( )

in which the subscript “d1” refer to the denominator’s first quadratic
and “d2” refer to the denominator’s second quadratic.

With two quadratic (second-order) polynomials in the denominator,
F(s) can be simplified using a partial-fraction expansion with first-order
polynomials in the numerators of both fractions:

Num(s) As+ B Cs+ D

(a@q152 + bag15 + cq1)(aq2s? + baos + cg2)  aq15% +bgis +cq1 - agas? + bgas + caz
and multiplying both sides by the denominator of the left side gives
Num(s) =(ag25® 4 bgas + cq2)(As 4+ B) + (aq15* + ba1s + cq1)(Cs + D)
= agoAs® + byp As® + cgaAs + agoBs® + bga Bs + cq2 B
+ag108% + bg1Cs% + cg1Cs + agy Ds? + by Ds + cq1.D
= (ag2A + adlC)s?’ + (ag2B + bgo A + by C + adlD)s2
+ (bgoB + cgoA + cq1C + bg1 D)s + (caa B + cq1 D).
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Again writing the numerator polynomial as Num = a,s% + b,s + ¢,
and equating like powers of s makes this
0=agpA+anC
ay, = ageB + b A +b1C + ag1 D
bn, = baaB + ca2 A + ca1C + bar D
cn = cg2B+cq1 D

These simultaneous equations can be solve using matrix algebra:

Qaq2 O aq1 O A 0

biz aq2 ba1  aaq Bl _[an

ci2 baz ca1 bai c by

0 Cd2 0 Cd1 D Cp,

so the constants are
-1

A aq2 0 aq1 0 0
B _|baz aaz bar aa an
C ci2 baz ca1 bar by
D 0 Cd2 0 Cd1 Cp,

In all of the cases discussed to this point, the roots of the denominator
polynomials have been distinct, occurring only once in the denominator.
The next section shows you how to handle cases involving repeated roots.

Repeated Roots

When a root of the denominator polynomial equation has a multiplicity
greater than one (that is, when a factor such as s® = (s)(s)(s) or a
quantity such as (s —a)? = (s — a)(s — a) appears in the denominator),
F(s) is said to have “repeated roots”. The presence of repeated roots
means that additional fractions must be included in the partial-fraction
expansion, as explained below.

Consider the case in which F(s) has one simple pole (p;) and one
repeated pole (p2):

Num(s) Num(s)

- Denom(s) (s —p1)(s —p2)"

F(s)

in which the repeated root has a multiplicity of . Expanding F'(s) using
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partial fractions looks like this:

Num(s) Cy Ca Cao Cas Coy

= + + + TR :
(s—p1)(s=—p2)" s—p1 s—p2 (s—p2)? (s—p1)3 (s —p1)"

Notice that this expansion includes one fraction with denominator of
(s — p2)" along with additional fractions with denominators of all lower
powers, so the exponents of the s — ps terms range from 1 to r. Notice
also that the constants now have two sub-indices, with the first digit
representing the pole number (2 in the case shown below) and the second
digit representing the power of the repeated factor.
So if = 2, the partial expansion of F(s) is
Num(s) Ch Ca Caa

= + +
(5*171)(5*172)2 sS—p1 S — P2 (Sfpz)z

and multiplying through by the denominator of the left side gives

Num(s) = (s =p1)(s = p2)°Ch n (s =p1)(s = p2)*Cn n (s = p1)(s = p2)*Ca

s—p1 §— P2 (3—]92)2
= (s — p2)*C1 + (s — p1)(5 — p2)Ca1 + (s — p1)Caa.

Just as in the case of simple poles discussed above, the C; constant
can be found by setting s = p;:

Num(s) = (s = p2)?C1 + (s — p1)(s — p2)Ca1 + (s — p1)Can

:(Sfp2)201+0+0 (for s = p1)
SO
Num(s)
Ci=—-=% . 1.18
1 (S 7p2)2 —pr ( )

Likewise, the Cy2 constant can be found by setting s = po:

Num(s) = (s — p2)201 + (s —p1)(s —p2)Ca1 + (s — p1)Ca2
=0+0+(5s—p1)Co (for s = p2)

SO

Cop = —| . (1.19)

However, to find the constants for all the terms with lower powers of
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the repeated factor, it’s necessary to write out the simultaneous equa-

tions:

Num(s) = (s — P2)201 + (s —=p1)(5s = p2)Ca1 + (s — p1)Ca2
= 52C} — 25paCy + p3Cy + §%Cy — spaCay — 5p1Ca1 + p1p2Cat + 5Ca2 — p1Cas
=(C1 + 021)82 + (—2p2C1 — p2C21 — p1Car + Ca2)s + (chl + p1p2Ca1 — p1Ca2).

So if the numerator polynomial is Num(s) = a,s? + b, s + ¢,, equating
equal powers of s gives

ay =C1 +Cxn
bp = —2p2C1 — p2Ca1 — p1Co1 + Coo (1.20)
Cn = p301 + p1p2Ca1 — p1Cas.

As in the previous cases, the constants can be found using matrix alge-

bra:
1 1 0 & [¢2%
—2p2s —(p1+p2) 1 Cor | =|bn
3 D1P2 —p1 Cao Cn
and
o) 1 1 0\ " /an
021 = —2])2 —(p1 +p2) 1 bn . (121)
Ca P’ D1P2 —p1 Cn

But since (' is known, you can also use the first equation in the group
Eq. 1.20 to quickly find Ca;:

Co1 = an, — Ch. (1.22)

You can see these equations at work in the following example, in which
F(s) has one simple root with p; = 3 and one repeated root with p; = —2
with a multiplicity of two (so r = 2). Thus F(s) is given by the equation
352 — 2544
(s —3)(s+2)2

The constant C; can be found using Eq. 1.18:

F(s) = (1.23)

Num(s) 352 —2s+4
Cr = 2 = 2
(s =p2)?lo=p, (s =p2)* |oop,
332 —-2(3)+4 25

B—(-2)2 25
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and Eq. 1.19 gives Cyo as

Num(s) 387 —2s+4
s D S=P2 s—h S=P2
C3(-22-2(-2)+4 20

= =4
—2-3 =5

. That leaves only Cs1, which can be found using Eq. 1.22:
Cglzan—01:3—1:2.

Alternatively, if you have an easy way to do the required matrix inver-
sion, Eq. 1.21 returns all three constants at once:

-1

Cy 1 1 0 3 1
Co | =|-2(-2) -(3-2) 1 -21=12
Cas (-2)2  (3)(-2) -3 4 —4

which agrees with the results shown above.

Here’s an alternative approach to finding the constants of all of the
partial fractions involving repeated roots. That approach uses the equa-
tion

1 dr—n ,
: s=p2
So if r = 2, then
1 d*1 9
On = e 0~ PP )|
d 2
= % |:(S — pg) F(S):| —
and
1 d272 9
O = gy | PP F) |

= [(s _p2)2F<5>} |s=p»

since 0! = 1 and -, [(s = p2)?F(s)] = (s — p2)?F(s).

ds®
Here’s how the derivative equation (Eq. 1.24) is used to find Cy;, and
Coo for F(s) given by Eq. 1.23 above. For Cyq, the derivative equation
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gives
1 d271 5
Con = gy | PP F |
ar
= gle-rrre]|
_d (s —p2)?(3s% — 25 + 4)]
ds L (S - pl)(s - p2)2 s=p2
df .2 -1
= — —2s+4)(s —
7 _(35 s+4)(s—p1) ] .
[652 (1)(35225+4)]
= —|— 3
s—D1 (s —p1) s=ps
Inserting values p; = 3 and p, = —2 gives
_[6(=2) =2  (=D[3(=2)* —2(=2) +4]
021_[ -3 (—2-3)
—-14  —-20
=— 4+ —=2.
) + 25

For Ca,, the derivative equation gives

S=Pp2

{(s —p2)? <(5?:9;5(isjpi)2 ﬂ

- 5=

S=p2

)

S§=Pp2
and inserting values p; = 3 and py, = —2 gives
3(=2)% —2(-2) +4
C =
22 { 5.3

= — = —4,
-5
The same techniques can be used to find the partial-fraction expansion
of rational functions with repeated roots of higher multiplicity, although
the calculations become a bit more tedious.
To see an example of that, consider a rational function with one simple
root and one repeated root with multiplicity » = 3. In that case, F(s) is
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give by
Num(s) 01 021 022 023

= = + + + -
(8—191)(8—]92)‘3 S—p1 S — P2 (S—P2)2 (8—]92)‘3

and multiplying through by the denominator of the left side gives

Num(s) = (s =p)(s —pa)Cy + (s = p1)(s = p2)°Can + (s =p1)(s =p2)®Caz | (5 —p1)(s —pa2)*Cas

S—p1 5 — P2 (5 - p2)2 (5 - p2)3
= (s —Pz)Scl + (s —p1)(s —p2)2021 + (s —p1)(s — p2)Caz + (s — p1)Cas.

Just as in the r = 2 case, the C; constant can be found by setting
S =Dp1:

Num(s) = (s — p2)>C1 + (0)(s — p2)?2Ca1 + (0)(s — p2)Caz + (0)Cas

= (s —p2)3Cy (for s =p1)
SO
oy = Numls) | (1.25)
(5 = P2)|oep,
In this r = 3 case, it’s the Cy3 constant that can be found by setting
$ = pa:

Num(s) = (0)*C1 + (s — p1)(0)2Ca1 + (s — p1)(0)Caz + (s — p1)Cas
= (s —p1)Cas (for s = pa)

SO

Cp3 = ——2 : (1.26)
§—h S=Dp2

But to determine Cy; and Cys, it’s necessary to use

Num(s) = (s = p2)°C1 + (s = p1)(s = p2)°Cor + (s — p1)(s — p2)Coz + (s — p1)Cas
= (s> = 3s”py + 3sp3 — p3)C1 + [s° — 5°(2p2 + p1) + s(p3 + P1p2) — P1P5]Cn
+ (5% — p1s — p2s + p1p2)Caa + 5Ch3 — p1Cas
= (C1 + Ca1)s” + [=3p2C1 — (2p2 + p1)Coi1 + Coa)s
+ [3p5C1 + (P53 + 2p1p2)Ca1 — (p1 + p2)Ca2 + Casls
+ (—=p3C1 — p1p3Ca1 + p1p2Ca2 — p1Cas).

So if the numerator polynomial is given by the quadratic Num(s) =
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a,5% + b,s + ¢, equating like terms gives
0=0C1+ Cy
an = —3p2C1 — (2p2 + p1)Ca1 + Ca
by = 3p3C1 + (p3 + 2p1p2)Ca1 — (p1 + p2)Caz + Cas
¢n = —p3C1 — p1p3Car + p1p2Caz — p1Cas.

(1.27)

The matrix-algebra approach to solving these simultaneous equations
now looks like this:

1 1 0 0 1 0

—3p2 —(2p2+p1) 1 0 Cor | _ | on

33 p3+2pp2 —(pr+p2) 1 Cao bn

—p3 —p1p3 D1P2 —p1 Cas Cn

and

c 1 1 0 0\ /0
Co _ —3ps —(2p2 +p1) 1 0 an
Cao 3p3  p34+2pp2 —(p1+p2) 1 br,
Cas —p3 —p1p3 D1P2 —p1 Cn

(1.28)

But since C; and Csy3 can be found as shown above, it’s also possible

to find Cs; and Css using the first and third equations from the equation
group (Eq. 1.27) shown above:

Co1 = —C.
and Eq. 1.27 gives
cn + (p5 — p1p3)C1 + p1Cas

Ca =
Pip2
Using Eqgs. 1.25 and 1.26 gives
o Num(s) 352 —2s5+4
1= 7/ a2 = —
(s =p2)loep, 5= (2P |iep,
O 3(3)*-23)+4 25 1
B (3+2)3 125 5
and
Num(s) 352 —2s+4
Caz = =
5 h S=P2 sTh $=Pp2

3(-2)*—2(-2)+4 20
-2-3 -5

= —4.




23

Eq. 1.27 gives

1
021 = —C1 = —g.

and
cn Gt (p5 — p1p3)C1 + p1Cas _ 4+ [(=2)% — (3)(=2)%] () + 3(—4)
2 P1p2 (3)(=2)
—12
= 5 = 2.

These values can be checked against the results of using the matrices
in Eq. 1.28, which give

-1

4 1 1 0 0 0.2
Co | | -3(-2)  —[2(-2)+3] 1 0 31 [-02
Cor | | 3(-2)% (-2)2+23)(-2) -(3-2) 1 -2 | 2
Cos —(-2)?° (—3)(=2)? B)(=2) -3 4 —4
(1.29)

in accordance with results shown above.

The derivative approach to finding the coefficients of the partial frac-
tions of repeated poles also gets a bit more complicated for higher mul-
tiplicities, as you an see for the r = 3 case. Recall that the derivative
equation is

|5 P FO)

so if r = 3, then you can use this equation to find C5;,C52, and Cs3. For
C51, second derivatives are required:

CQn =

S=p2

1 d371 9
Co = mm {(S — p2) F(S)]
. §=p2
1 d?
= 9 ds? [(5 - P2)2F(5)}
S§=Pp2
while a first derivative is needed to find Cag
1 d372
Coo |5 -p2ro)]
(3—2)ds3—2 s=ps
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and the zeroth derivative (that is, no derivative) is needed for Cag:

1 d3—3 9
(B_3)ds5 3 [(3 — p2) F(S)]
- [(5 *p2)2F(5)} |s=p2

once again using 0! = 1 and d 5[(s = p2)2F(s)] = (s — p2)?F(s).
For F(s) given by Eq. 1. 23 takmg the required derivatives looks like
this:

Coz =

S$=p2

Co1 = %% [(S —P2)2F(5)} -
_ ;jz [(33 —23—|—4)(8—p1)_1} _
S 1d [6s—2  (~1)(3s>—2s+4)
© 2ds [s—pl - (s —p1)? ] s=ps
1 [ 6 (=1)s—2) 6s—2  (=2)(3s —23+4)}
B 2 |s — D1 (5 7p1)2 (S 7p1)2 (S 7p1)3 s=p2

Inserting values p; = 3 and po = —2 yields

1 6 (=1)(6(=2)—2) 6(=2)—2 (=2)(3(—2)2 —2(=2) +4)
C21[—2—3+ (—2-3)2 (—2-3)2 (—2—3)3 ]

2
B NI e e U I - A WS |
2|5 (25 25  —125] 2\125/) 5

The cover-up method gives C; as

ans® + bps+ cp
§— P2

33224+ (=2)3)+4 1
N 3—(-2) "5

C =

S=p1

and

Ca2 = di |:(38 —2544)(s —pl)_1:|

_ [63—2+( )352—23+4}

s$—pP1 S—Pl) s=ps
_ 6= -2 ()G 2)* —2(-2) +4)

—-2-3 (-2 —13)2

-14 20 10

= — 7_—:2
—5+25 5



25

and
352 —2s+4
I
s —Dp1
_ [3(—2)2 —2(—2) +4] 20

== =4
—2-3 -5

in agreement with the results shown above.
The final section of this document contains a few on-line resources
and texts that you may find helpful in understanding partial fractions.
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