Chapter 6

Exercise Solutions

1. From Eq. 6.1, density = mass / volume
So, mass = density x volume

styrofoam: density = 75 kg/m3

volume = 1 cm?

A unit conversion factor will be needed in order to cancel m and cm.
Since m and cm are cubed, the factor will have to be cubed as well:

1pr \°
mass = density X volume = (75—) (1 /erﬁg ( )

nf 100 car
75
=156 kg = 7.5 x 107° kg, or 0.75 g (ans.)

rock: density = 3,000 kg/m?

volume = 1 cm?

3
mass = density x volume = (3000—) Leif{ ( Lyt )

i 100 car
3000

105 kg =3 x 107 kg, or 3 g (ans.)
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2. mass of car: remains the same when compacted, because no material is

being added or lost (just compacted).

volume of car: decreases when compacted because it is being crushed to

fit in a smaller space (which is the whole purpose of compacting).

average density of car: increases when compacted because the empty /air
cavities within it are being filled in with metal and glass. Also, mathe-
matically, density = mass / volume increases when volume decreases.

. From Eq. 6.1, density = mass / volume

volume of a sphere is: V = 3w R?
Using the absolute method:
RJupiter = 71, 500 km ) RMercury = 27 440 km

Myupiter = 1.9 X 10?7 kg ; Mytercury = 3.3 X 10?3 kg

. my my 19 X ]_027 kg 12 3
density, = 2 — - — 1.24 % 10" kg /k
T Y T RS T 35(71,500 k) g/kam
3% 102 k
density, — "M _ M 33X A0Tke oo 012 g km?

Var SRy 3m(2,440 km)?
So the density of Mercury is higher. To see how many times more,

density,;  5.42 x 10" kg/km®
density;  1.24 x 10'2 kg/km®

So the density of Mercury is 4.37 times greater than Jupiter.

= 4.37 (ans.)

OR, using ratios (which is a good approach for “compare” problems like

this one),

mMm

densityy,  4£R mMXR_ﬁ’_@X(&)?’
— .

density; 2 Ry my  my
Z%R 3

3 x 102 1 T\
1.9 X 10%7 kg 2,440 Jart

This is the same answer as above.



37

_ 2Gm
4. From Eq. 6.5, Vs = \/ R

Rsurface = 6371 km
Rompit = 6371 km + 350 km = 6721 km

2GmEarth
Vesc, orbit o Rorbit % surface

Vesc, surface / 2GmEarth
surfacc
surface 6371
=1/ = 0.97 (ans.)
\/ Rt 6721 km
The escape velocity from low Earth orbit is 97% of the escape velocity
from the surface — or almost the same.

5. From Eq. 6.5, Vese = 4 /QGTm

m = Mgun = 1.99 x 10%° kg
R = radius of Earth orbit =1 AU = 1.50 x 10" m

orblt arth

2(6.67 x 10—11;%)(1.99 X 1080 k)
150 x 101

Vesc =

=421 x 10* m/s, or 42.1 km/s (ans.)

_ 2Gm
6. From Eq. 6.5, Vese = 1/ 5"

m = Mgun = 1.99 x 10%° kg
R = radius of Earth orbit =1 AU = 1.50 x 10" m

2(6.67 x 10—11;%)(1.99 X 1080 k)

Vese = 50 % 107 0 =4.21 x 10* m/s, or 42.1 km/s (ans.)

The answer is the same as the previous exercise, because the mass of the
Sun has not changed (m) and the distance from it (R) hasn’t changed
either.
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7. From Eq. 6.6, Ry = 254~
a) m=1kg

2 (6.67 x 101 m¢) (1 k)
(3 x 10°21/7)°

Which is much much smaller than even a single atom.

R, = =1.48 x 107*" m (ans.)

b) m =1.99 x 10%° kg (=1 M)
}%s7 Sun 26WTLSun//@Z/ . Msun . 1.99 x 1030%
Rs 1kg %mlkg/zz Mikg 1 ké
Ry sun = 1.99 x 10°°R; 11, = (1.99 x 10*)(1.48 x 107" m)
= 2950 m, or 2.95 km (ans.)

¢) mpig = 4 x 10° M, (this is four million times the mass in the
previous part, which calls for the ratio method)

R vig 26 Mg /7 _ Mg 4X 10% Mg
Rs, Sun %msun// mMsun 1%
Ry big = 4 X 10°R, gun = (4 x 10°)(2.95 km) = 11.8 x 10° km (ans.)

8. From Eq. 6.5, Vese = @/ZGT’”

From Eq. 6.6, R, = 29"

=4 x 108

For m =1 Mg and R = Rq:

2G(1 Mg
Y e
For m =10 Mg and R = Ry:

2G(10 Mg)
Vese = 4 2G(10M@® \/M M—\/_—c

Vesc at the event horizon is always ¢ by definition, regardless of mass




9.

10.
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_ 2Gm
From Eq. 6.5, Vs = \/ R

Vesc, 4R, = % Escape speed at a distance of R = 4R

From Eq. 6.6, R, = 2¢m

c2

2G'm c? 2 ¢
e dR, = 1| = J2@m X =[S =
fose 4 T [ (2) \/ “apemy Va1 T2

Mass canceled. So at R = 4Ry, escape speed = ¢/2, regardless of mass.
So for a 1 Mg, black hole, ves. at R = 4R (¢/2) is half of ves. at R = Ry
().

And for a 10 Mg black hole, vee at R = 4R (¢/2) is half of v at
R = R; (¢).

The same is true for a black hole of any mass.

For distances doubling:
dinitial = %
dfna1 = d (because distance doubled)

a
ot

[SlisH

distance covered d —
speed = : = =
time t

d
2
t
This is half the speed of galaxy 1, and one-quarter the speed of galaxy
2 (d/t and 2d/t, respectively) over the same time interval.

For distances tripling:

galaxy 2: goes from distance 2d to 6d, covering a total distance of
6d — 2d = 4d. Doing so over time t, its speed is v = 4d/t.

new galaxy: goes from distance d/2 to 3d/2, covering a total distance of
3d/2 — d/2 = d. Doing so over time ¢, its speed is v = d/t. Again, this
is one-quarter the speed of galaxy 2. This makes sense because it is also
one-quarter the distance of galaxy 2.
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11. The slope would be negative as shown in the figure below, and speeds
would all be negative, because all galaxies would be moving toward us
rather than away.

5 P.f;fd

\\ > distance

g oegotivel hrward) pos Five r"-“"""ﬂ\

oy

More distant galaxies would be moving faster toward us (more negative
speeds) if their speeds were proportional to their distances. Very nearby
galaxies would be moving toward us only very slowly. If galaxies all con-
tinued to move according to this pattern, all galaxies would collide with
ours at the same time: some time in the finite future. (Like a reverse
Big Bang, or “Big Crunch”.)

12. two points: (z; = 500 Mpc, y; = 35,000 km/s)
(x9 = 4,000 Mpc, yo = 280,000 km/s)
Ay yo—1y1 280,000 km/s — 35,000 km/s
Hy =slope = — = =
Axr 19— 11 4,000 Mpc — 500 Mpc
245,000 km/s km /s
=—=70 .
3.500 Mpc Mpc (A0s)
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13. two points: (r1 = 0 Mpc, y; = 0km/s)
(x2 = 4,000 Mpc, yo = 280,000 km/s)

Ay  yo—y1 280,000 km/s — 0 km/s
Hy =slope = — = =
Axr 19— 17 4,000 Mpc — 0 Mpc
280,000 km/s 280 km/s 0 km/s
4,000 Mpc 4 Mpc  Mpc

This is the same answer as the previous question.

(ans.)

14. Reversing the order of subtraction:

Ay  y1—ye  0km/s— 280,000 km/s
Hy = slope = — = =
Axr 11— 29 0 Mpc — 4,000 Mpc
~ —280,000 km/s  —280 km/s 0 km/s
© —4,000 Mpc  —4Mpc  Mpc

This is still the same answer as the previous two questions. No matter
which two points you choose on a straight line, and no matter which
order you subtract them, you’ll get the same slope.

(ans.)

15. From Eq. 6.9, d = v/H,
v = 15,000 km/s

o km/s
Ho =70 42

15,000 k
d= ﬂ = 214 Mpc (ans.)

70 ﬂ‘;@j
16. From Eq. 6.10, Ty = HLO
Hy = 69 122
o1 1Mpc _ 10°pe  (3.09x 10"
T 6o ek T 69 lan/s 69 lari/s 1 pe

1yr

= 4.48 x 107 S A
<1078 x (3.16 X 107 ¢

) =14.2 x 10° yr (ans.)
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17.

18.

19.

20.
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Or, using ratios

km/s
To,60 _ 1/Hy 6o _ Ho 7o _ 70 377 _ 70 _ 1014
toro  1/Homo  Hoey ol 69

pc

Togo = 1.014 Ty 70 = 1.014 x (14.0 x 10? yr) = 14.2 x 10° yr

For Hy =75 I;ALP/CS, and again using ratios:

km /8
Tors _ VYt _ Hom 1058 10 _ o0,
to,70 1/Hozo  Hogzs 75 ki 75
pc

Tozs = 0.933 Ty70 = 0.933 x (14.0 x 10 yr) = 13.06 x 10° yr

It makes sense that the age of the Universe should be shorter if the Hub-
ble constant is larger, because they are inversely proportional. If the
Universe had been expanding faster (larger Hubble constant), then it
would have taken it less time (shorter age) to get to its present size.

Initially the object is at our location (zero distance away) and moving
very rapidly away. It continues moving away, but at a slower and slower
ate. Then, halfway through the total time interval (fe,q/2) it comes to
rest at its maximum distance away. Then it gradually starts to move
back toward the beginning point, slowly at first, then faster and faster:
Like a ball on an elastic band that is fired away and snaps back.

Only curve (1) shows a recollapsing Universe, because it alone shows
“size” returning toward zero at a time in the future. It is the only curve
that intersects the z-axis (y=0) again after the big bang.

youngest (1), (2), (3), (4) oldest

(2) The slope was steeply upward at first, just after the Big Bang, so the
Universe was expanding quickly at first. But immediately and gradually,



21.

22.
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the expansion began to slow, so the slope grows shallower. But the slope
is ever positive, so the Universe is ever expanding, albeit ever slowing
in its expansion. The slope of the curve asymptotically approaches zero
slope (flat), so the Universe will approach a cessation of its expansion
as t — oo. Thus the Universe will approach a maximum “size”, but will
never quite reach it and will never reverse or recollapse.

(4) The very steep initial slope shows that the Universe expanded very
rapidly at first. The quickly flattening slope (concave down, yet still
going upward) shows that the outward expansion continued, but at a
slowing rate. Then gradually, the slope becomes concave upward again,
becoming steeper rather than flatter again, which shows that the expan-
sion began to accelerate, or speed up. That acceleration continues to
this day, and into the future. Note that the slope was/is never negative,
always positive, so the expansion was never a recollapsing motion — al-
ways an outward expansion.

An infinite rate of expansion corresponds to an infinite (vertical) slope
on the graph. Only case (4).

Scenario (4) is the only one that shows an accelerating, increasing ex-
pansion rate.



